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Abstract. We show how to define invariants of graphs related to quantum 
SI2 when the graph has more then one connected component and components 
are colored by blocks of representations with zero quantum dimensions. 



Introduction 

The invariants of oriented linked framed graphs colored by finite dimensional 
representations of quantized universal enveloping algebras were constructed in [5] 
for non-zero quantum dimensions. In this construction the edges of the graph 
are colored by finite dimensional representations. At each vertex a total ordering 
of adjacent edges which agrees with counter-clock wise cyclic order defined by the 
framing is fixed. A vertex with adjacent edges colored by representations Vi, . . . , V n 
(according to the total ordering) is colored by an element from Hom(C, Vf 1 ® ... ® 
V^ n ) of all U q {sl2)- invariant vectors in the tensor product. Here V + — V, V~ = V* 
where V* is the left dual to V, e = + if the edges is incoming and e = — if the 
edges is outgoing. 

When the quantum dimension is zero, it is easy to define such invariants for 
knots when the center of U q (sl2) acts by scalars on the representation coloring the 
knot. One should cut the knot (its diagram) at any place and then to compute the 
invariant of the corresponding (1, 1) tangle. Because the center acts trivially at the 
coloring representation, this invariant will be equal to a operator of multiplication 
by a scalar. It is easy to show that the scalar is the invariant of a knot (does not 
depend on where the knot was cut). But this technique does not work for links. 

Recently invariants of links colored by such representations were introduced in 
[2] under the assumption that these representations satisfy an additional property, 
i.e. they are ambidextrous (see [5] or section EP1 for the precise definition). We will 
abbreviate this name here to ambi-modules. 

The goal of this note is to present in details how the construction involving 
ambi-modules works for sl2- We prove that all generic irreducible representations 

o 

of Ue (sfo) are ambi-modules. 

We also conjecture but we do not prove it here that all generic irreducible rep- 

o 

resentations of the Ue (fl) are ambi-modules for any simple Lie algebra. 
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1. The split form of quantum sl 2 at a root of unity 

1.1. Quantum sl 2 . Let m, I be positive odd integers, t = exp(^j 1 ), and e = t 2 . 
The algebra U e (sl 2 ) is the unital C- algebra generated by invertible K and by 

E, F with defining relations: 

KE = e 2 EK, KF = e~ 2 FK, [E, F] = — - K _ x . 
Recall that it is a Hopf algebra with the comultiplication acting on generators 

as 

AK = K®K,AE = E®K + 1®E,AF = F®1 + K" 1 ® F 
The elements K l ,F l , E l generate a central Hopf subalgebra, and E l , F l generate 
central Hopf ideal. Denote by U € (sl 2 )' its quotient by this central ideal. 

1.2. The split form of U e (sl 2 )'. 

o 

Definition 1. The split form ofU e {sl 2 )' is the algebra Ue {sl 2 ) generated by Pi,i G 
Z and by E, F, x, x^ 1 such that x is central and 

P,P, = SijPuPiE = EPi_ 2 ,PiF = FP l+2 ,J2 Pi = 1, 

iez 

2 j _ -2 -j 

EF-FE = Y. *-i ^ 



The algebra U e (sl 2 ) is a Hopf algebra (in the category of its finite-dimensional 
representations) where the comultiplication A, counit e and antipode S morphisms 
are given by: 

A(E) = ^ E ® x 2 e>Pj + 1®E, A(F) =F <g> 1 + ^ x^e^Pj ® F, 

jGZ jGZ 

A ( p k)= A(x)=x®x, 

i,j£Z; i-{-j—k 

e(E) =e(F) = 0, e(P t ) =S i>0 , e(x) =1, 

5(£7) = - ^arV'P,-, 5(F) = - ^ xe j PjLF, S(Pi) =P_,, S(x) =x~ 1 . 
jez jez 

o . 

It is clear that the map i : U € (sl 2 ) — »-£7e (sl 2 ) given by K ^ Sjez x £ J Pj, E i— ► E 
and F i— > _F is an injectivc morphism of Hopf algebras. 
Notice that if' i-> £ jeZ arV-P,- and that if 2 ' ^ x il . 

1.3. The i?-matrix. For n G N we set [n] = £ £ "r £ -7 and [n]! = [n][n - 1] . . . [1]. 
Define 

i? = t ij x i P j ®x j P i , 

emdR = R Ri G[/e (sZ 2 )® 2 - 

O 

Now we will show that defines a quasitriangular structure on {/ e (sfe)- 
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Lemma 2. The element Rq satisfies the following identities. 

(1) (A®Id)(i? ) = (#0)13(^0)23, 

(2) (M®A)(i2o) = (#0)13(^0)12, 

(3) R (E ® 1) = (E <g> l(K))R , R (l ® J5) = (t(if) ® £)i? , 

(4) i? (F ® 1) = (F ® i(X)- 1 )i? , i? (l ® F) = W^T 1 (8 F)i? . 

Proof. We will prove the first identity in Part ((3]), the other identities follow simi- 
larly. We have 

Ro(E ® 1) = J] /"./•'/',/•. $ a^'Pi 

= ^ /"./•'/•./', 2 .r'/> 

= '".<•'/•. /', ® x j x 2 e i P i 

ijez 
= (E®l(K))R . 

□ 

o 

Theorem 3. 27ie pair ([/e (sl2),R) is a quasitriangular Hopf algebra. 

Proof. Lemma [2] implies that i?o has the same commutator relation with _E and -F 
as the element exp(j(H <g> if)) in the C[[/i]]-algebra Uh{sh)- Thus, we conclude 

(A ® Id) (i?) = R 13 R 23 , (Id ® A) (R) = R13R12 , 

and 

A° p {a) = RA(a)R-\ for a <EU e (sl 2 ) 
where A op = toA and r is the permutation a <E> b 1— > 6 ® a. □ 

Let R = s i ® ti an< i define u = ^ S(U)si. Then following [1] we have 

e(u) = l, A(u) = (i?2ii?) _1 (u® u), S ,2 (a)=uau _1 (1) 

o 

for all a EU e (&h)- 

o 

A direct computation shows that for all a GU e (sh) we have 

S 2 (a) = LiK)aL(K)- 1 . (2) 

Let = = (.(-ftT) _1 u. Comparing this formula with the formula for the S 2 

involving u we see that 9 is central. 

Lemma 4. The element 9 satisfies the relations: 

e(6) = l, A{9) = {R21RT 1 {9® 9), S{9) = l(K) 21 6. 

Proof. The first two relations follow from |T]) and the definition of the counit 
and coproduct of i[K). The last relation can be proven by direct computation 
of 5(ut(if) _1 ) and of ul(K)~ 1 . This computation was done essentially in [4\. One 
can also prove the last identity by computing how S(9) and 9 act on generic irre- 
ducible modules. It is easy to see that on these modules the identity holds. On 
the other hand our algebra is finitely generated and is finite dimensional over the 
center. This implies that the identity S(9) = i(K) 2l 9 holds not only for generic 
points but also for special points (where x acts as 4l-th root of unity). □ 
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1.4. The automorphism <f>. 

o o 

Proposition 5. (1) The mapping <f> :JJ \ (sl<i) — ^f/e (sh) acting on generators 
as 

<j>(Pi) = P l+2 , <j>(x) = xe, 4>{E) = E, 4>{F) = F 
extends uniquely to an algebra automorphism. 
(2) The set of fixed points form a Hopf subalgebra generated by x Yliei *'-^» ,x 2l ,E,F. 

Proof. The first part is clear from defining relations, the second follows immediately 
from the formula for <f>. □ 

Note that despite the fact that fixed points of <j> form a Hopf subalgebra, it is 
not a Hopf algebra automorphism. 

The automorphism cf> acts on the i?-matrix as follows: 

O <g> id)(R) = (1 ® x- 2 )R, (id <g> <p)(R) = (x~ 2 ® l)(i?) 
Proposition 6. The automorphism cf) acts on as follows: 

4>(6) = x i e 

Proof. Let R = ^ Si ® U, then R^ 1 = J2i s i ® S(U). Combining the way how <f> 
acts on the i?-matrix with the fact that it is an algebra automorphism we obtain 
((f> ® ^{R- 1 ) = {x 2 ® x^R- 1 . Therefore S^)*) = x i J2 i S(t l )s i . thus, 

4>(u) = x 4 u. Since 4>(l(K)) = l(K), this proves the proposition. □ 

Define e = X^ez( — l) 5 ^i- ^ ^ s central and unipotent. It is also easy to see that 
cj> acts trivially on it: 

<j)(e) = e 

o 

1.5. The extended i?-matrix. Consider the algebra A e —Ut (sh) 8cC[t,t ]. 
The element r is central in this algebra. 

Remark 7. The motivation for this construction is the formal power series version 

o 

of the algebra Ue (sh), when instead of having Laurent polynomials in x we have 
formal powers series z : 

imzir imz 2 ir 

x = exp ^^T^ T = exp ( 41 ' 

Assume that the action of the comultiplication on r is symmetric, i.e. A° p (t) = 
A(t). Define 

p = A(t)t _1 ® r _1 
Extend the action of the automorphism <\> on A e as: 

0(r) = ex 2 r, (4>®id)(p) = (l®x 2 )p 
Define the extended i?-matrix as 

K = pR 

It is easy to see that JZ defines a quasitriangular structure on A € . It is also easy 
to see that 

(id ® 4>)(Tl) = ((j>® id)(K) = K 

Define 

e 1 = T- 2 i(K) l ~e, e 2 = T- 2 i(K) l ee 
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Each of these elements satisfies the identities: 

e(0) = l, A(0) = (^iliy 1 (6®6), S(9)=9, <f>(9) = 6. 

2. The category C £ 

o 

2.1. Simple modules. Here we will focus on simple modules over the Ue (sh), 
Ueisfo)', and A t . We will say a G C* is generic if a 4 ' 7^ 1. 

The following statement is a variation on a well known fact: 

Proposition 8. For each generic a G C* and £ Z there exists unique simple 

o 

Ue (slz) -module V(a,k) with highest weight vector Vk such that 

l-i 

Ev k = 0, xv k = av k PjV k = Sj.kVk, V(a, k) = ^ CF l v k - 

i=0 

It is easy to compute the action of generators on the weight basis Vk-2j = F^Vk- 

XVk-2i = av k -2i 

PjV k -2i = &j,k-2iVk-2i, > i > I - 1, 

Fv k -2i = V k -2i-2, 1 < i < I - 1 

/ a 2 £ fe+j+l _ a -2 £ -fe-l-i\ / £ i_ e -i\ 
£v fe _2i = ( _ £ _i J ( - _ £ _i J «fc-2i+2, < i < I - 1 

o 

The homomorphism t : C/ e (sZ 2 )' — (^2) defines on V(a, fe) the structure of a 
E4(sy -module. 

Proposition 9. The U e (sl2)' -modules V(a,k) are irreducible, and in addition, 
V(a, k) and V(ae, k + 1) are isomorphic as U' e - modules. 

In particular central element e acts on V(a, k) as (— l) fe . 

o 

Note that the modules V(a, k) and V(ae, k + 1) are not isomorphic as Ue (sfo)- 
modules. 

For z G C we can always define the Ae-module structure on the representation 

K(eTr^) of {/e (^2) by defining tv = exp( "" 4 z ; * )v for any v G ^(e 12 ^, k). It is 
clear that this defines an irreducible Ae-module. 

o 

2.2. The category C e . Objects of the category C e are finite dimensional Ue (sfo)- 
modules (V, 7iy : A f — > £?n<i(V)) on which a; acts as a multiplication by a scalar 

7ry(x)w = exp( H ^p L )u. Here v £ V, m,l are as above and z G C. The central 

2 

element r on such module acts by multiplication on exp( tr " 4 z ; 7r ). 

o 

Morphisms between two such modules are all Ue (s^)-invariant linear maps. 

This category is monoidal because it is a category of finite dimensional modules 
over a Hopf algebra. It is a rigid monoidal category with the left dual modules 
defined as usual (V*,nv — n v ° S) where ir v {a) is the dual linear map to nv(a) 
and with usual injection and evaluation morphisms: 

i v :C -> V <g) V*, given by 1 t-> ^ e i ® e \ 
ey -V* ® V — > C, given by / ® w 1— ► 
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Figure 2. 



It is easy to sec that C e is a braided category with the commutativity morphism 
c = {ey,ty} where cy,w ■ V ® W — > W ® V given by w ® w i-» t(R(v ® w)). It is 
also a ribbon category with the ribbon morphisms (twists): #y : V — ► V, u i— ► Q~ 1 v. 

In this category the braiding and the ribbon structure agree with isomorphisms 
of modules induced by tfi. 

The objects of this category are semisimple for generic z, i.e. when mz it is not 
an integer. 

The linear mapping v — > O^uv is a an isomorphism of representations V — > V**. 
Recall that the quantum (functorial) dimension of is defined as the composition 
mapping C ^ V ®V* ^ V** ®V* ^ C, or, as try^^n) = tr v (r 2 l(K) 1 - 1 ). It is 
clear that the quantum dimension of any generic representation is zero. 

3. Invariants of links 

3.1. Ambi-elements in a ribbon category. Here we will recall some results and 
definitions from [2]. 

Recall that in a ribbon category there is a natural notion of a trace of an endo- 
morphism of an object. If / : V — > V, its trace is 

try(/) = ey ° (fJ>v ® idy) ° (/ ® «dy) o iy 
where /xy : V — > V** is the isomorphism between V and V** determined by the 

o 

braiding and the ribbon structure. For the category of Ue (s^2)-modules, /iy = 
TryW^) 1 "'). 

We will use the following notations. If V is simple and / : V — > V is a morphism, 
by definition / = c(f)idv for some c(f) S k where ft is the base field for our 
category. We will assume n — C and will use the graphical notation for c(/) shown 
on Fig. Q] 

Define S'(U, V) — (idy <8> try) (cc/,ycy,c/) where cyy :V®[/— >?7(g)Vis the 
commutativity constraint in the category. This element can be written graphically 
as on Fig. [2j 

For any / : V — ► V and simple V we have the identity shown on Fig. [3l 
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Figure 5. 



Recall that an object V is called ambidextrous if (idy <8>try)(/) = (try ®idy)(f) 
for any / : V® 2 — > V® 2 (see also Fig. |4j. Here we will call such an object an 
ambi-object. 

The following observation is one of the key tools from [2] . Let U be a simple ambi- 
object. Then for any two objects V\ and V2 and any morphism / : V\ <£> V2 — ► VI Cg>V2 
the following identity holds: 

S'(U*, Vr)5'(V 2) C/)c((tr Vl ®idy 2 )(f)) = S"(V-i,C/)S"(f/*, V 2 *)c((^ ® tr Va )(/)) 

(3) 

It follows from the ambi-identity for the tangle from Fig. [5] Here notice that 
S"(y*,PF*) = 5'(V,W). 

We have the following corollary of the identity ([3]). 

Proposition 10. • If J is a simple ambi-object of the category C, then all 

objects U G A(J) = {W\S'{W, J) j= 0, S'(J, W)^0,W is simple} are also 
ambi-objects. 

• Let Ty be a (1, 1) -tangle colored by elements ofC e , whose open component 
is colored by an element V £ A(J). Then the expression in Fig. \$is an 
invariant of the link obtained by the closure of Ty . In this expression U is 
any ambi- element from A(J). 



o 

3.2. Ambi-modules over JJ e {sh)- 
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Figure 6. T v is the closer of T v . 



3.2.1. As it was pointed out at the end of the previous section all modules V(a, k) 
have zero quantum dimension. Here we will prove that they are all ambi-objects in 

o 

the category Ue {sfo) — mod. 

Lemma 11. The module V(a, k) is an ambi-object for all k S Z and a 81 ^ 1. 

Proof. It is easy to prove that for all a £ C \ {a 81 = 1}, and fceZ 

V(a, k) ® V(a, k) = V(2a, 2k) © V(2a, 2k - 2) ... V(2a, 2fc - 2/ + 2). 

Since this decomposition is a direct sum of non-isomorphic simple modules the 
algebra End(V(a, k) ® V(a, &)) is commutative. Now let / 6 End(V ® V), then 
(idy ®try)(/) = (try ®ic?y)(c vy o/ocvy). But cyy commutes with End(V<X>V) 
and so Cy V o / o cyy = /. Here we set V = V(a, fc). This finishes the proof. □ 

The condition a 81 ^ 1 can be relaxed to a 41 ^ 1. 

o 

Lemma 12. Let V(a,k) and V(b,m) be two irreducible Ue (^2) -modules described 
in the previous section. Then 



S'(V(a, k),V(b, m)) = e (k+^-l)(m+l-l) h 2k-2l+2 a 2m-2l+2^_ 1)m +l-l 



b 21 - b- 



Proof. The proof is a straightforward computation. We want to compute the action 
of (idy <S>tr;y)((7ry ®iru)(cr(R)R)) on V. Let us apply to the highest weight vector. 
Then 

S'((V(a,k),V(b,m))v m = (id V (b,m) <Z) tr v(a . k) )((ir v(b ^ m ) ® i: v{a , k) ){a{Rn)Ro))v m 

l-i 

_ e k(m+\-l)^2k a 2m+2-2l £ -2i(m+l-Z) fr- 4i Um 
i=0 

Then one should sum up the geometric progression. □ 

Now, note that S'(V(a,k),V(b, m)) ^ unless 6 4 ' = 1 when (e m+1 -'& 2 ) 2 ^ 1. 
In the later case the representation V(6, m) is reducible. We assume that this is 
not the case. 

Thus, we have proven the following theorem. 

Theorem 13. All irreducible representations V(a, k) of Ue (sh) with a 41 ^ 1 are 
ambi-modules. 
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